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Introduction 


Part  I of  this  series,  consisting  of  three  sections: 

1.  Mathematical  Background 
* 2.  Theoretical  Development 

3,  Treatment  of  Single  Frequency  Input 
was  issued  as  TM  279o 

In  Part  II  the  original  numbering  sequence  is  continued  for  convenience  of 
reference.  This  treatment  extends  the  results  of  Part  I to  a finite  band  of 
frequencies  and  considers  the  effect  of  Doppler  within  specified  limits. 

In  Part  III,  to  follow,  it  is  planned  to  extend  the  effect  of  Doppler  to 
large  values  requiring  compression  of  the  matching  signal.  It  is  also  planned 
to  investigate  the  combined  effect  of  clipping  and  sampling. 

I 

ij 


. 


ill 


Application  to  Single  Sideband  Signals 

Suppose  now  that  the  stored  signal  in  channel  b prior  to  speed-up  is  a section 
of  duration  T - NR,  centered  at  t - 0,  from  the  wavefora 

u(t)  a *8CB  cos(2rf^t+(3a).  4 

And  suppose  that  the  signal  in  channel  a prior  to  speed-up  is  a delayed,  hetero- 
dyned, single  sideband  version  of  the  same  waveform,  the  delay  t0  being  the  time 
required  for  this  section  of  the  signal  to  reach  and  be  sampled  into  the  primary 
ARMS  unit,  being  the  heterodyne  frequency  prior  to  speed-up  and  Q its  phase. 

Then  for  a given  frequency  in  u(t<)  prior  to  speed-up  the  following  relations 
exist  after  speed-up  for  the  equations  in  section  3* 

ft**/- 

f) . . 0,  * P - vrfo,. 

l 

and 

Q.P-  ( 

Employing  these  relations  the  expression  in  (3-23)  becomes 

(1/2)  *,  sinc(^,  r/R  - N^R  cos  r/R)t+^-2^tJ  l 

as  difference-frequency  output  waveform  resulting  from  one  of  the  input  signal 
frequencies  Ignoring  the  sum  frequencies  and  the  erose-product  difference 

frequencies,  the  output  waveform  for  the  input  u(t)  in  equation  (4-1)  will  be 
(1/2)  \ ft*  sinc(^f^4r/R-N^)R  cos  ^rr{  ^+^4r/R)t4<^-2^t  J ? 

» (W  **  sinc(^,yW>4i^R  eos  felT -2'Tt/^K . 4 

For  a rectangular  input  spectrum  where  C§  * C,  this  reduces  to 

(C2/2)  sinc(^4-^ir/R-«^R  cos  [2 ^(^f ^4r/R)t+  A 


r 


Taking  ^ as  the  lowest  positive  frequency  in  the  storage  input  signal  u(t),  <^c  as 
the  center  frequency  and  as  the  highest  frequency  in  the  band,  and  restricting 
and  each  to  be  les3  than  1/2R,  it  is  seen  that  trie  spectrum  of  (4-10) 
consists  of  a series  of  component  bands  of  width  less  than  l/2R  spaced  l/R  apart  as 
illustrated  in  figure  2.  The  amplitude  of  the  frequencies  in  these  bands  is  deter- 
mined by  the  sine  function.  Taking  rm  as  the  nearest  integer  to  [(N-1)^-^^|r, 
it  is  seen  that  the  component  band  with  greatest  power  in  (4-10)  is  given  by 

(C2/2)  \ sinc^+^/R-N^R  cos  [2  fof+rJlQt*  P-2  . 4-13 

An  ideal  filter  of  width  centered  at  r^/R  would  select  this 

band  and  exclude  the  others.  The  position  of  this  sine  function  in  figure  2 depends 
primarily  on  so  for  N large  compared  to  unity  it  is  seen  that  the  component 

bands  in  (4-10)  are  comparatively  stationary.  In  effect  the  variation  of  ^/simply 
slides  the  sine  function  along  thereby  producing  a variation  in  the  relative  ampli- 
tudes of  the  component  bands  without  appreciably  altering  their  position.  To  adjust 
the  band  in  (4-H)  to  peak  power  it  is  only  necessary  to  adjust^?  to  make 

N /•  4-12 

that  is 

C^m  (^c+rn/R)/(N-l).  4-13 

This  centers  the  sine  function  on  the  band  as  illustrated  in  figure  3#  and  equation 
(4-11 ) reduces  to 

(C2/2)  X,  sinc(^s-^)R  cos  . 4-H 

Returning  to  equation  (4-9)  it  is  apparent  that  without  the  restriction  on  the 
amplitudes  this  component  band  would  have  the  waveform 

(1/2)  ^g^2  sinc(^  8-^')R  ooe  U/r(^^rm/R)t+C?-2/^tJ  J 4-15 


Since 


14*1 


rg~  I 1/4R 

1 P ' 

einc((^#-y^)Rwill  not  differ  greatly  from  unity  and  (4-15)  becomes  approximately 


4—16 


4-2 


r 


(1/2)  IbC82  C03  jz  it(  ^8+^Tt0/R)t+  P-2 /T^t  . 

The  signal  in  the  storage  unit  on  channel  b is  recycled  indefinitely  while 
waiting  for  the  equivalent  signal  to  reach  and  be  sampled  into  the  primary  unit  on 
channel  a,  hence  t-t0  is  effectively  the  relative  delay  of  the  signal  in  channel  a. 
Representing  this  relative  delay  by7”»  expression  (4-17)  becomes 


4-17 


where 


(1/2)  I3C82  cos  [2  IT ( T*  @0] 

e 

0O  = 


and 


T=  t-tQ 

The  expression  in  (4-18)  begins  to  look  a little  more  like  an  autocorrelation 
function.  Following  the  method  of  Faran  and  Hills'*  the  simulation  in  this  expression 


4-18 


4-19 


4-20 


James  J.  Faran,  Jr.  and  Robert  Hills,  Jr.,  "Correlators  for  Signal  Reception," 
Harvard  Univ.,  Acoustics  Research  Laboratory,  TM  No.  27,  15  Sept  1952,  p.  8. 


may  be  rrpiaced  by  an  integral 


(1/2)  f C2(f ) cos  |2  ^(f^rj/RmPTJ  df 
:h  for  a rectangular  spectrum  reduces  to 

(c2/2)  Jp  00s  [2fr(f+a4ra/R)9^C?J  df 

t Al  - -»  / 4 /S  -"'7 


4-21 


■ S sine  (Ta^cos  @ qJ 

where 

^n"fl 

is  the  frequency  spread  in  the  input  u(t)  and 

E - C2<A^2. 


4-22 


4-23 


4-24 


4-3 


Sfi'ect  of  Doppler 

For  non-zero  doppler  the  situation  is  somewhat  different  to  that  portrayed  in 
section  4,  since  now  the  difference  frequency^,  is  no  longer  simply  N As  be- 
fore it  is  assumed  that  the  signal  in  the  storage  ARMS  or  equivalent  unit  is  a sped- 
up  replica  of  the  random  waveform 

u(t)  ■ ISCB  cos(2/T^t+  (3b). 

Ahe  signal  in  the  primary  ARKS  unit  at  time  t • tQ  will  now  however  be  taken  as  a 
dopplered  version  of  that  treated  in  section  4«  It  is  assumed  that  the  signal  has 
been  heterodyned  up  with  a frequency  (j ^ prior  to  transmission  of  the  upper  side 
band.  The  doppler  occurs  during  transmission  and  the  resulting  signal  is  hetero- 
dyned back  down  by  a frequency  ^ prior  to  sampling  and  speed-up.  j now  will  be 
taken  as  ^ “T^h  30  that  *"or  zaro  doppler  it  will  have  the  same  significance  as 
in  section  4.  It  is  seen  that  for  a given  frequency  ^ in  u(t)  the  following  rela- 
tions will  now  exist  for  the  case  of  a fractional  doppler  D: 

ft 

K . (2.. 

and 

4 ■£-  2^(/s  + D/s)to- 

0 I but  Mroppii 


5-1 


= N/s» 

. N(^+  D^3  * d/), 

* <3,  ♦ y. 


)t 


o» 


5-2 

5-3 

5-4 

5-5 

5-6 


'dropping  the  factor  1/2, 

Corresponding  to  (4-V/  the  correlator  output  waveform  will  now  be 


5-7 


r {*/.  *<«)(^  r cos  y 

♦ y 4>  r/R)t  *0-  2 + y )t^J  . 

Taking  7^*  t-t0  as  in  section  4*  this  reduces  to 
*r  3inc  r/R-(N-l)(^i  + D^/)J  R cos 

f y ♦ y ♦ r/R)T  4 (3^|; 


5-8 


5-9 


5-1 


where 


0r  = 0+2/r(^fr/ftfD^)to 
Equation  (4-13)  may  be  written 

(N-l)  cf\ . forjn. 

Taking  Dj  as  the  fractional  doppler  satisfying  the  relation 
Dj(H-D(^+^)  = J/R 
where  j Is  an  integer,  and  writing 

rj  = rm+J» 

the  center  frequency  of  the  rj  band  in  (5-9)  may  be  written 

«rj  = ^c+/+Dj(/c +^)+rj/R  = yc^j/(N-l)R+rj/R, 

and,  since  from  (5-11)  and  (5-12)  the  corresponding  3inc  argument  is 

= 0, 

it  is  seen  that  the/amplitude  for  this  center  frequency  is  unity. 

For  simplicity  in  the  following  discussion  it  will  be  assumed  that 

is  an  odd  integer.  From  (5-12)  it  follows  that 
D,  . 2j/(N-l)g 


Dg  s 2/ (N-l) 

Malting  use  of  relations  (5-11,12,14,  and  17)  the  waveform  of  the  rth  band  in 
(5-9)  may  now  be  written 

.loo  jy,-  R 

«~f2'r/7.-/e+(r-rj,M(»j  /.-■> j °r} 

= sine  ^-^(iw-jVR-^j/gH^ “/all  R 

^>®  (T 2*  ( x-r^/l*  ( 2 j/g ) (<^-  ^/(  N-l )*>rjr  + (3rJ 

for  the  fractional  doppler  Dj.  From  (5-19)  it  is  apparent  that  the  peak 
power  occurs  in  the  rj  band 


5-2 


5-20 


Vs  St™  f <j£ 

For  values  of  J in  the  range  0 £ J £ g the  argument  of  the  sine  function  for 
a given  doe3  not  exceed  | ( (j9-  i^c)R  j absolute  value.  From  (4-16) 

therefore  the  sine  function  will  rot  differ  greatly  from  unity  over  the  rj  band, 
analogous  to  (4-17),  equation  (5-20)  becomes  approximately 

l.c!  00. j%-  fa(A)  (3rJ 

From  (5-21)  it  is  seen  that  the  bandwidth  of  the  Tj  band  is  £l+2j/(N-l)gj^<^ 

and  since  the  center  is  ©r  it  follows  that,  corresponding  to  (4-22),  for  a 

J 

rectangular  input  spectrum  (5-21)  reduces  to 

E sine  j Ii+2J/(N-1)k1^</>  coe(2rf0,.  @„.) 


^ [l+2j/(N-l)g]rA^  cos(2rf©r^7-4.  Prj) 


If  j is  small  compared  to  N/2,  j/(N— l)R  will  be  small  compared  to  l/2R  and 
for  A Cj>  2zZ-l/2R  equation  (5-14)  will  be  represented  to  a good  approximation  by 


»rj 


Z+rj/R 


and  (5-22)  will  reduce  to 

S sine  fTAij)  cos  ^2  j/R)7^f  ‘ 

to  a good  approximation.  If  g is  small  compared  to  N/2  (5-24)  will  be  a 
good  approximation  for  the  rj  band  for  a Doppler  Dj  for  all  values  of  j in  the 
range  0 ^ j ^ g.  For  j outside  of  this  range  the  sine  function  in  (5-20)  changes 
too  rapidly  with  yta  and  (5-21)  cannot  be  taken  as  a good  approximation  to  (5-20)„ 

It  follows  from  (5-I7)  that  for  doppler3  greater  than  2/(N-l)  aa  well  as  for 
dopplers  less  than  zero  the  stored  signal  in  channel  b should  be  compressed  or 
exp..r  lad  to  approximately  match  the  doppler  in  the  signal  in  channel  a.  This 
process  is  treated  in  section. 

For  a fractional  doppler 
Dx  s 2x/(N-l)g 

where  x is  not  necessarily  an  integer,  it  is  seen  from  equations  (5-15)  and 
( 5— 17)  that  the  argument  of  the  sine  function  in  (5-9)  may  be  written  In  the  form 


5-3 


p-  kvd^p+ 

and  from  (5-16j/this  reduces  to 
|^3 -^.+(r-rj)/R-2(x/g)(^B-  ^)-(x-j)/R~]  R» 

From  (4-16)  it  is  seen  that  for  values  of  x satisfying  the  relation 
|x-j|  i 1/4,  J * 0,1, g 

the  value  of  the  argument  of  this  sine  function  for  the  rj  band  will  not  exoee* 
1/2  and  hence  the  sine  function  will  not  differ  too  greatly  from  unity  over  the 
rj  band.  For  x in  this  range  (5-21)  and  (5-22)  will  therefore  apply  to  a good 
approximation.  If  in  addition  j is  small  compared  to  N/2  equation  (5-24)  and 
(5-23)  will  still  apply  also.  A bank  of  2g+l  filters  of  width  1/2R  centered  at 
the  values  +rj/R  will  thus  be  adequate  to  resolve  the  Doppler  values  Dx 

for  the  ranges  of  x defined  by  equation  (5-28).  For  values  of  x satisfying 


the  relation 


1/4 x-ji  - 1/2 


an  appropriate  contraction  or  expansion  of  the  comparison  signal  may  be  used  to 

recenter  the  sine  function  and  again  effectively  shift  fche  x values  into  a more 

favorable  range  equivalent  to  that  in  (5-28).  Ihe  treatment  of  this  process  is 
a later  , 

also  reserved  for/section 

The  above  development  is  based  on  the  assumption  that^/  has  been  chosen  to 
satisfy  (5-11)  in  agreement  with  (4-13)  which  was  set  up  for  the  case  of  zero 
dtprler.  This  restriction  may  be  removed  by  replacing  equations  (5-ll)  and  (5-12) 
respectively  by 

(N-l)^.  f0+(rJ?)/R 

and 

D^N-lK^^)  = (J-P)R 
where  P is  restricted  to  the  range 

-J  * Pdl/2. 

Equations  (5-13),  (5-14),  (5-15)  and  (5-16)  remain  unchanged  but  equations  (5-17) 
and  (5-13)  respectively  would  need  to  be  replaced  by 


5-4 


5-33 


and 


Dj  = 2(j-P)/(N-l)g 


Dg  - 2(l-P/g)/(N-l). 


5-34 


Similarly  (5-19)  and  (5-20)  would  change  to 

[fr  ) /R~2( P) b^c  )/e. J R 

f-^+(r-rj)A+2(j-P)(^8-c^)/g(N-l)  + ©r^J>+ 


i A sinc 


5-35 


sinc  \cf- j-9  ){tj  8-  p/g] 


H 


COS  j 


5-36 


respectively.  For  values  of  j in  the  range  0 to  g'  the  argument  of  the  sinc 
function  for  the  rj  band  in  (5-36)  will  range  from  (1+2  P/g)  ( <jfB- j c)Rto  (-1+2  P/g) 

( cjB-  ^)fi  P _^0  this  gives  an  unsymmetrical  range  for  the  output  sinc 

function  for  the  indicated  range  in  j.  If  J is  restricted  to  the  range  from  0 
to  g-1  however  -and  P is  taken  as  -1/2  the  argunentJ|jbf  the  sinc  function  in  (5-36) 
will  range  from  (l-l/g)(<^?-  0)Rto  (-1+l/g )(^5-^f)  Rand  symmetry  is  thus  restored. 
This  case' of  particular  interest  |*late#|!»»#  since  it  results  in  a reduction  of 
the  number  is  of  output  filters  required  to  cover  a large  range  in  doppler.  For 
this  case  equations  (5-30)  and  (5-33)  give 


c+  (rm-l/2)/R  /(N-l) 


5-37 


and 


Dj  « (2j+l)/(N-l)g. 


5-38 


5-5 


Lower  Sideband  and  Double  Sideband  Operation 

In  eection  4 the  signal  in  the  primary  ARMS  unit  was  assumed  to  be  a heterodyned, 
single  sideband  version  of  that  in  the  storage  ARMS.  A positive  value  for 
section  4 corresponds  to  the  upper  sideband.  The  lower  sideband  requires  special 
consideration. 

For  the  lower  side  band  ^ ean 
(4-2)  to  (4-7.'.  From  (4-13)  this  would  lead  to  a negative  value  for  rv  so  r would 
need  to  be  replaced  by  -r  in  (4-3)  and  subsequent  equations  in  order  to  reflect  the 
principal  spectral  band  into  the  positive  region.  With  these  changes  (4^8)  becomes 


^/*an  be  replaced  by  and  (3  by  -(3  in  equations 


6-1 


(1/2)  2p  sine  (^-^-r/R  + N^R  cos  [2  Tf\  ^-^r/R)t- 0-27^7) 
s (1/2)  \ sine  (/-^*  ♦ r/R-N./)R  cos  jj rA)t 

from  which  it  is  seen  that  these  changes  are  equivalent  to  replacing  by  g 
and  f3g  by  - (3g  in  (4-8)  and  subsequent  equations.  Thus  (4-13)  becomes 

I 'a  6-2 

to  center  the  sine  function  on  the  band.  And  (4-15)  becomes 

(1/2)  V.2  ,ino  008 

the  ' 

for  /Resulting  waveform.  These  same  results  could  have  been  obtained  equally  well 
by  replacing  ^g  by  and  (3a  by  -(38  in  (4-2)  and  (4-5 )»  This  would  have  given 


6-3 


4"f 


6-4 


and 


Qr  « Q*  .•  , «-5 

The  sum-frequency  waveform  given  in  (3-25)  cov&i  then  have  been  used  instead  of  the 
difference  frequency  waveform  of  (3-23)  to  obtain  the  second  member  of  (6-1)  directly. 
No  reflection  by  reversing  the  sign  of  r would  have  been  neoessary  in  this  oase. 


6-1 


^■paring  (ir*15)  and  (6-3),  it  la  aaan  that  tha  two  output  bands  ara  syanat  id- 
eally diapoaad  about  C^k  r^K.  For  doubla  aidaband  operatic  tha  sine  function  nay 
tharafora  ba  cantarad  on  <^4  rj*  for  paak  output.  Thia  is  a^uivalant  to  raplacing 
^ by  0 in  aquations  ((*-12)  to  (i*-15)  and  in  (6-2)  and  (6-3).  This  giraa 

<j4  • 6-6 

for  both  uppar  and  lower  aidabanda.  Tha  output  waveform  for  tha  uppar  aidaband  ia 
than 

(1/2)  £#C82  aino  <^R  ooa  [2lf{<^\  r^R)t  4(3-  2/7<^t,^J 
and  for  tha  lower  aidaband 


6-7 


(1/2)  'aCa2  Billc  ^aB  COB  [_2  ^(  ^ ^4r-/H)t  404  2lfcf% 

Tha  coabinad  output  waveform  for  tha  doubla  aidaband  ia  thus 

(1/2)  2,C,2sina^R  fioa  £ Tf(^^4rW*)t  4 ff-2rr<fit0J 
4 ooa  |Jm^^f4r^R)t  404  2^7]j 

n ^aca2  ,in0  ^a*  408  COB  [2^(t-t0)J 

• COB  [2/rt^*W*)t  iff]  W •ln8  ^a*  # 


6-3 


6-9 


r t 


Effect  of  Finite  Duration  of  Sample 

In  section  3 the  effect  of  sampling  was  investigated  by  use  of  a repeated  £ function. 
For  samples  of  short  duration  compared  to  the  interval  between  samples,  the  £ function 
provides  a fair  approximation . In  normal  operation  of  the  ARKS  or  DELTIC,  however,  the 
instantaneous  values  of  the  sample  may  be  stretched  out  to  approximate  a square  pulse  of 
duration  as  great  as  l/2  or  *v«n  all  of  the  interval  between  samples.  In  normal  opera- 
tion the  beginning  of  this  square  pulse  is  the  time  at  which  the  instantaneous  sample 

of  the 

is  taken.  That  is, the  position/  £ function  would  oorrespond  to  the  beginning  of  the 
square  pulse.  For  simplicity  in  the  following  development,  however,  the  £ function  will 
be  taken  to  ooincide  with  the  middle  of  the  square  pulse.  For  most  purposes  this  simpli- 
fication will  make  no  significant  difference  in  the  final  result. 

From  (3—5)  the  impulse  sampled  output  waveform  of  the  storage  ARMS  may  be  written 

^rect  (t-nR)/^  cos  /2/n^(t-nR)  ♦ repg  <T(t-nR)^ 

z jrect  (t-n*$/R  cos  |lff^b(t-nR)  + (^j  ^(t-rS-nR) 

- /rect  (t-nR)/R  ^ ^eos(2/T^rS+(?j))  £*(t— rS-rtfOj J . 
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To  represent  the  stretching  of  these  pulse  samples  into  square  pulses  of  duration 
Q £S,  it  is  necessary  to  replaoe  the  S'  function  in  the  last  member  of  (7-1)  by  a rect 
function,  obtaining 


^ •£rsct(t-nR)/k  ^oos(2/T(^rS+^)  reot(t-^rS-nR)/Qj^ 
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as  the  resulting  output  waveform.  From  (2-24),  the  corresponding  spectrum  is 
I Q/2S  J |sinc(f-^-n/S)R  sinc(^|n/^i  «P  i@b 
4 sine  (f4^-n/S)R  8inc(^gfn/S)Q  sxp(-i rspi/ft  £lf)° 
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' ",w  ' •' 


This  may  be  compared  with  the  expression  in  (3-6)  obtained  by  use  of  the  & function. 

For  sample  pulses  sufficiently  short  it  is  seen  that  the  two  expressions  give  essentially 

the  same  results.  To  obtain  a corresponding  expression  to  replace  (3-11)  as  the  spectrum 

t 

of  the  primary  ARMS  output,  the  impulse  sampled  waveform  may  first  be  written  as 


\ ^rect(t-nR)/fc  cos  ^(t-nP)  4 @ re  (t-nR)^ 

= In  £rect(t-nR)/R  cos  [2/r^(t-nP)  * ^(t-nR-rS)} 

- ^rect(t-nR)/R  ^ p ^cos  ^2^^(nRif  rS-n?)  </(t-nR-rS )J^  « 

Since,  (3-7),  R-P  s 3,  this  reduces  to 

^-n  ^rect(t-nR)/R  £cos  ^~2/T^(n4r)S  4^^-  ^(t-nR-rS)^  . 

As  in  the  case  of  the  storage  unit,  in  order  to  represent  the  stretched  pulse  samples 
it  is  now  necessary  to  replace  the  £ function  by  a rect  function.  Ihus  (7-5)  is  con- 
verted to 

Xn  ^"rect(t-uR)/R  |jjos  ^2^^(n4r)34 rect (t-nRp-r3  )/qJ^ 

and,  from  (2-25),  the  corresponding  spectrum  is 
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Q/23  j [s^c(f- ^+n/S)R  sinc(  ^■a-n/S)4  exp  repl/R  <f  (f- 

4 X n £sinc(f+^-n/S)R  3inc  (^Jl/S)Q  exp(-i  (4lI  ^Pi/h  <r 

where,  from  (2-26)  and  (3-4), 

^3  • 3A  « 
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It  should  be  possible  to  obtain  the  spectrum  of  the  correlator  output  by  combining 
(7—3)  and  (7—7),  however  it  seems  simpler  to  start  from  the  product  waveform  as  was  done 
in  seotion  3.  From  (3-12)  the  impulse  sampled  output  waveform  of  the  correlator  ie 
given  by 
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£ ^ rect  cos 


n L 


TT~ 


[2^a(t-nPH^J  cos  [2^(  t-nR)+(?b]  rep3  X(t-nR) 
s ^ect  ^=0S  cos  [2^a(t-nP)+?  J cos  [2  ^(t-nH)+C? J X <£(t-nR^rS)| 

= £n£rect£=2S  [cos  / 2 ^(nftfr3-nP)+^  co 3 ( 2 ^brS+  Pb  ) of  ( t-nfc-rS ) 

- <rsct  izG®  ^*r  £cosj1?  nj/a(n+r)S+(3^  oos(2/^r3+ fb)  d'  (t-nR-rS)j7  • 

Replacing  the  <f  function  by  the  corresponding  rect  gives 
Xn  ^rect  jjos  ;2/^a(n+r)S+(?a|  cos(2T^brS+  (Pb)rect(t-nR-rS)/oJ> 

- (1/2)  r_  < rect  ^ L 
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D 


n < r®ct  ^ Z-r  [cos  £2^j^nSf(^a-^)rsj  +(?a-v^  rect(t-nR-rS)/^j 


+ (1/2)  \ ^rect  X 


r ^cos  G*  nZHc/^+^lrsJ  + (^a+^b  ^ rect(t-nR-rS)/^. 


Prom  (2-27)  the  corros ponding  spectrum  is 

| Q/4sjt  £,  jjine(r-^*n/S)R  sinc^- -n/S)Q  exp  i(?  rep^  <f(f-^)j 
4-  ^inc(f*^-n/S)R  sinc(^/,  -n/S)Q  exp(-i^  ) repjyR  (f 

+ jsincCf-^.  +n/3)R  sincCc/^-n/SjQ  exp  repjyR  £(f-y*j)j 

♦ jsinctf+y^n/SjR  sinc(c^_-n/S)Q  exp(-i  ^.)repi/R  (f+y^Tj 

where  ^ ^ is  still  represented  by  (7-8), 

/i  = f»-/b  • 

/ <T  s / a+  "7  b » 

^ = ^a-^b  » 

and  0 r?  . C? 

cr  = ^a^b  • 

As  noted  following  equation  (2-23)  the  n in  (7-11)  is  unrelated  to  the  n in 
(7-10).  As  in  section  3 the  sum  terms  and  higher  order  difference  terms  will  usually 
be  eliminated  by  filtering  leaving 
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7-14 
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f Q/45 1 |7inc(f-^)R  sinc^Q  expUl  (^-  ) rep^  <f(f-^/)i) 

+ sinc(f+^-  )R  sinc^/j-C)  expfi  QJ  rep^  <f{?+^a/'U)J 
corresponding  to  (3—21) . Corresponding  to  (3-22)  this  reduces  to 
/ Q/2S / sine  21r  ^oinc(^/Kfr/a-^l)R  spec  cos 

= sinc^-Q  spec  £r  ^sinc(c/a/N+  r/Ryi^.  )R  cos  {2  ^/M+r/R)t 

The  resulting  output  waveform  corresponding  to  (3-23)  becomes,  neglecting  the 
constant  factor  j Q/2S j , 

si00  Q ^r  * sinc^a/N+r/R-C^  )T  cos  [2  771  ^/to+r/R)t+  ffj 
For  tho  condition 

& * VM 

it  is  ssen  that  sine  Q does  not  dlffsr  grsatly  from  unity.  Henos  (7-18)  is 
essentially  identical  with  (3-23)  for  this  condition. 
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